On the Number of Solutions of Certain Trinomial Congruences
By Jacqueline Wells and Joseph Muskat 1. In the course of his extensive investigations into Fermat's Last Theorem, H. S. Vandiver considered the number of solutions ix, y) of I + axc = by" (mod p),
where ce + 1 = p, a prime, and xy ¿á 0 (mod p). If ab ^ 0 (mod p), the following is an equivalent formulation: Let ¡7 be a primitive root of p. Then determine, for i and j fixed, 0 ^ t á c -1, 0 á j í e -1, the number of pairs (r, s),0Sráe-l,0^síc-1, for which the congruence
(1) 1 + gi+" -/* (modp)
is solvable. The number of solutions (r, s) will be denoted by [i, j] ce, or simply by [i, j] , if c and e are fixed.
e -1, e even, i = 0, [i, j] , the values of the Nk , and the occurrences of the various partitions for e = 5, 7, 9, 11, and 13, p < 18,000. We leave to the end a brief description of the program.
2. We assumed the following probability model: Given e objects, each is to be put independently into one of e cells. (We neglect the fact that ours is a sampling without replacement situation.) Then the probability that a given cell contains exactly k objects is given by the binomial distribution as o(^y with In the problem considered here, the objects are the e solutions of (1) fixed. The cells are the values 0, 1, • -, e -1 which j may take. Table 1 shows, for e = 5, the expected and the observed occurrences of the Nk ,
For each value of e in the study, the rjrimes p = 1 (mod e), arranged in ascending order, were subdivided into several groups. Within each group, the values of Nk/ip -1), for each k, 0 ^ k g e, were sorted from low to high and every nth value, where n depended upon e, was recorded. For e = 5, the first six primes were omitted and the remaining 505 in the study were divided into five groups of 101 each. In Table 2 , every nth value of No/ip -1), n = 1, 21, 41, 61, 81, 101, is recorded for each of the five groups. Tables 1 and 2 , being typical of the tables generated in this study, suggest that this probability model approximates the actual situation quite well. Table 2 and similar tables indicate that, as p increases, the approximation improves. The full set of tables can be found in [4] .
3. In [1] the occurrences of the various partitions of e among the solutions of (1) for fixed i were tabulated. According to the probability model outlined in Section 2, the number of ways of obtaining a particular partition can be calculated as the product of the number Pi of permutations of the numbers in the partition times the number P2 of permutations of the values of j in one of the Pi permutations of the partition.
where t« is the number of occurrences of n in the partition.
Let Sj denote the number of j'a in a particular permutation. Then P2 = e!/s0! Sil s2l ■ ■ ■ s"_i !.
Since the probability model has e* equally likely outcomes, the probability of a given permutation is given by » PiPt/e.
As an illustration, consider, for e = 5, the partition 3110 0. This means that, for a fixed value of i, Pi expresses the number of arrangements of the j's so that there is one j for which [i, j] Clearly, the value of P2 is the same for each of the thirty arrangements. Thus, the probability that a given set of solutions forms the partition 3 1 1 0 0 is 30-20/56 = 600/3125 = 0.192.
(Note that the denominator of P2 can be obtained by affixing "factorial" symbols to all the numbers in the representation of the partition and forming the product.)
The observed and expected occurrences of the various partitions for e = 5 and e = 7 are shown in Tables 3 and 4.   Table 3 Partitions The probability that a partition is the partition e 0 0 • • • 0 0 is l/ee_1. The deviations mentioned at the end of Section 1 were apparently due to overlooking P2 in computing expected occurrences.
4. The solutions of (1) were obtained on the University of Pittsburgh's ibm 7070 computer. The program differed in several respects from the program for the swac computer described in [1], as a much larger memory was available.
For e = 5, 7, 9, 11, and 13, cards containing primes p = 1 (mod e) and the least primitive root g of p were available from a previous study. Mr. Dale Isner of the staff of the University of Pittsburgh's Computation Center supplied a program which generated a list of the partitions of p.
A modified index table was generated as follows: For each p, g, g2, g3, ■ ■ ■ , gk, ■ ■ ■ , g{p~1)/2, reduced modulo p, were generated. If n = gk (mod p), 0 < n < p, then k, reduced modulo e, was stored in cell IND + minjn, p -n\.
The values of g,+rc, reduced modulo p, were then generated. For each i, the solution list was analyzed to determine the appropriate partition, and the relevant counters were tallied. The results of the main program have been deposited in the UMT file. For each
